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I=2 pion scattering length with the parametrized fixed point action.
K. Jimmy Juge [BGR (Bern-Graz-Regensburg) Collaboration]
We report on the pipi scattering length in the I = 2 channel using the parametrized fixed point (p-FP) action.
Pion masses of 320 MeV were reached in this quenched calculation of the scattering length.
1. Introduction
The pion scattering length is an important ob-
servable characterizing dynamical effects of the
strong interaction and its ab initio calculation on
the lattice is an important nonperturbative test of
QCD. In the literature several attempts to com-
pute the scattering length with Wilson fermions
[1–5] and staggered fermions [1,2] can be found.
However, calculations with a chiral Dirac opera-
tor which allows for a better control of the small
mass region are still missing. In full QCD the
scattering length is a quantity which vanishes in
the chiral limit, while it is power divergent in the
quenched theory [6] and eventually a study in the
full theory is desirable. In this contribution, we
present results of the scattering length calculated
using the p-FP action. (Calculations with chirally
improved fermions is also underway.) The chiral
and scaling properties of the light hadron spec-
trum using p-FP and chirally improved actions
were reported by the collaboration in an earlier
publication [7].
2. Method and simulation details
The π+π+ scattering length is extracted using
the standard finite volume technique of Lu¨scher
[8]. The energy shift of the two pion state, δE(L),
in a finite volume is related to the scattering
length, a0, in the infinite volume limit through
the relation,
δE = −
4πa0
MπL3
{1 + c1
a0
L
+ c2
a20
L2
}+ . . .
where c1 = −2.837297 and c2 = 6.375183.
The two pion state is created using a Gaussian
smeared source for the quark propagator on a sin-
gle timeslice. A second smeared source which was
Figure 1. Fitted values of the energy shift as a
function of tmin for the two sources on the same
timeslice and displaced by one unit.
displaced in time by one lattice unit was used on
small lattices to check for the systematics and the
often claimed complications due to Fierz mixing.
Point sink operators were used on a single times-
lice regardless of the position of the sources.
Cutoff effects were studied in a small volume
(1.2 fm)3 using three different lattice spacings
(0.08, 0.10, 0.15fm) and in an intermediate vol-
ume of (1.8 fm)3 with a ∼ 0.10 and 0.15 fm. A
wide range of quark masses were studied, with the
smallest quark mass resulting in Mπ/Mρ ∼ 0.35.
In this quenched study, we keep those masses with
MπL & 4.
3. Analysis
We extract the energy shift of the two pion
state in a finite volume by taking ratios of two
Figure 2. Fit results using different values for
the energy of the excited state. The smaller error
results are from a single exponential fit.
pion correlation functions and single pion corre-
lation functions. We follow the procedure and no-
tation of Ref. [1] and construct the “direct” and
“crossed” contractions of
<
∑
~x1
O(~x1, t)
∑
~x2
O(~x2, t)S2S1 >
where O annihilates a π+ state and Si are the
Gaussian sources for the pions and divide by the
two single pion propagators. The large time be-
haviour of the ratio is given by Ze−δEt in the full
theory.
3.1. Fitting procedure
Periodic boundary conditions were used in the
time direction so that we must take into account
a backwards propagating pion. The fitting form
of the correlation function was
Z
e−(2Mpi+δE)t + e−(2Mpi+δE)(T−t) + ze−MpiT
e−2Mpit + e−2Mpi(T−t)+2e−MpiT
.
The pion mass was fitted from the pion propaga-
tor alone within the same bootstrap sample. The
momentum spacings of the pions in the largest
volume is quite small which resulted in signif-
icant excited state contamination (higher mo-
menta states). In this case, we fit to a sum of
Figure 3. δE for three different lattice spacings
in a small volume of (1.2 fm)3. Very little or no
cutoff effects are observed for Mπ < 1 GeV. We
choose δE here because the volume is quite small.
exponentials (assuming this is the case) to take
this into account. Only the amplitude of the ex-
cited state was left as an extra fitting parameter
and we vary the energy of this state over a wide
range to monitor the effect of the choice of this
energy. The results are shown in Fig. 2. It can be
seen in this example that the ground state energy
is nearly independent of the value of the energy
of the excited state, however, with much larger
errors than with a single exponential fit.
4. Results/Discussion
The effect of displacing the second source by
one timeslice is shown in Fig. 1. The asymptotic
value agrees within errors but there is less excited
state contamination when the two pions are not
created on the same timeslice. The effect of the
second source is being investigated on the largest
lattice where this contamination is the source of
the large errorbars as was mentioned in the pre-
vious section.
The cutoff effects of δE in the small volume,
(1.2 fm)3, is shown in Fig. 3. We observe no sig-
nificant lattice artifacts for pseudo-scalars lighter
than ∼ 1 GeV. A similar analysis in the large vol-
ume for a0Mπ (Fig. 4) confirms that the lattice
Figure 4. a0Mπ for two different lattice spacings
in an intermediate volume of (1.8 fm)3. A large
volume result is also shown for reference. The
curves are the perturbative results.
artifacts are well under control and that the re-
sults from a ∼ 0.15 fm and L = 2.4 fm are very
close to the continuum and infinite volume limit.
In Fig. 5, we plot a0/Mπ, against Mπ in phys-
ical units. We also include in this plot some re-
cent results from other groups as well as quenched
chiral perturbation theory [6] and chiral pertur-
bation theory predictions [9]. The mass range of
the perturbative calculations shown in this figure
were chosen for illustration and does not suggest
convergence of the series. The effect of the δ2/M2π
term in the quenched theory is still not entirely
visible at the present quark masses. The results
also suggest that pseudo-scalars with masses less
than 300 MeV may be needed for a reliable ex-
trapolation to the physical pion mass. It remains
a challenge to perform a full QCD simulation with
such light quarks.
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